Abstract. We prove that, in order to derive the HOMFLYPT skein module of the lens spaces L(p, 1) from the HOMFLYPT skein module of the solid torus, S(ST), it suffices to solve an infinite system of equations obtained by imposing on the Lambropoulou invariant X for knots and links in the solid torus, braid band moves that are performed only on the first moving strand of elements in a set Λ aug , augmenting the basis Λ of S(ST).
Introduction and overview
Skein modules generalize knot polynomials in S 3 to knot polynomials in arbitrary 3-manifolds [Tu, P] . Skein modules are quotients of free modules over ambient isotopy classes of links in 3-manifolds by properly chosen local (skein) relations. For convenience we allow the empty knot, ∅, and add the relation u −1 ∅ − u∅ = zT 1 , where T 1 denotes the trivial knot. Then the HOMFLYPT skein module of M is defined to be:
Note that the computation of S (M ) is equivalent to constructing all possible independent analogues of the HOMFLYPT or 2-variable Jones polynomial for knots and links in M and this is related to the rank of S (M ).
In [La2] the most generic analogue, X, of the HOMFLYPT polynomial for links in the solid torus ST has been derived from the generalized Hecke algebras of type B, H 1,n , which is related to the knot theory of the solid torus and the Artin group of the Coxeter group of type B, B 1,n , via a unique Markov trace constructed on them. As explained in [La2, DL2] , the Lambropoulou invariant X recovers the HOMFLYPT skein module of ST, S(ST), and is appropriate for extending the results to the lens spaces L(p, 1), since the combinatorial setting is the same as for ST, only the braid equivalence includes the braid band moves (shorthanded to bbm), which reflect the surgery description of L(p, 1) via an unknotted surgery curve in S 3 . Namely, in order to extend X to an invariant of links in L(p, 1) we need to solve an infinite system of equations resulting from the braid band moves. Namely we force:
(1) X α = X bbm(α) ,
for all α ∈ ∞ B 1,n and for all possible slidings of α.
The above equations have particularly simple formulations with the use of a new basis, Λ, for the HOMFLYPT skein module of ST, that we give in [D, DL2] (see (4) in this paper) in terms of mixed braids (that is, classical braids with the first strand identically fixed and representing the complementary solid torus). Elements in Λ consist of monomials in the t i 's with consecutive indices and ordered exponents, while elements in the other basis, Λ ′ , which first appeared in [Tu, HK] in diagrammatic form, consist of monomials in the t ′ i 's with consecutive indices and ordered exponents (see Figure 3 (ii)). In [DL2] the set Λ is related to the basis of S(ST), Λ ′ , via an infinite lower triangular matrix with invertible elements on the diagonal. Hence, this matrix allows the convertion of elements in Λ ′ to elements in Λ and vice versa.
The bbm's are naturally described by elements in the basis Λ and Equations 1 are very controlled in the algebraic setting, because, as shown in [DLP] , they can be performed only on elements in Λ. The starting point in [DLP] is the basis Λ ′ of S(ST). Then, using conjugation and stabilization moves it is shown that the following diagram commutes:
where bbm m (τ ′ i ) denotes the result of the performance of a bbm on the m th moving strand of τ ′ i . The fact that the t ′ i 's are conjugates on the braid level B 1,n , allows for a bbm performed on any moving strand to be translated, by conjugation, to bbm's performed on the first moving strand. This results in messing the order of the exponents in monomials of the t ′ i 's, so it leads naturally to introducing a new spanning set of S(ST), Λ ′ aug , consisting of monomials in the t ′ i 's with consecutive indices but not necessarily ordered exponents, which obviously, augments Λ ′ . Indeed, by conjugation, a bbm can be always assumed to take place on the first moving strand of elements in Λ ′ aug . Namely, the following diagram commutes:
The set Λ ′ aug corresponds naturally to the set Λ aug (see Eq. 6), which consists of monomials in the t i 's with consecutive indices but not necessarily ordered exponents. This paper is concerned with the analogue of the procedure above on the level of the t i 's. In particular, we consider elements in the augmented set Λ aug and we restrict the performance of the braid band moves only on their first moving strand. Namely, we show that the following diagram commutes:
The fact that the t i 's are not conjugate makes this procedure very non-trivial. Our results are summarized in the commuting diagram below:
In that way, a more controlled infinite system of equations is obtained using the generators t i 's that are more natural for the bbm's. Solving this infinite system is equivalent to computing the HOMFLYPT skein module of L(p, 1). Namely:
By our result, Equations 1 are now fewer. We demonstrate this by a simple example: For exponent sum equal to 3 and all exponents positive, one has the following elements of Λ: t 3 , t 2 t 1 and tt 1 t 2 . From these elements one obtains 12 equations by applying bbm's on all moving strands. On the other hand, Λ aug = Λ {tt 2 1 } and, by our result, one has to consider only 8 equations. In that way we obtain more control on the infinite system (1), even though Λ ⊂ Λ aug . In [DL4] we elaborate on the solution of this infinite system and compute the HOMFLYPT skein module of the lens spaces L(p, 1) via braids. We note that in [GM] S (L(p, 1)) is computed using diagrammatic methods. The importance of our approach is that it can shed light on the problem of computing skein modules of arbitrary c.c.o. 3-manifolds, since any 3-manifold can be obtained by surgery on S 3 along unknotted closed curves. The main difficulty of the problem lies in selecting from the infinitum of band moves some basic ones and solving the infinite system of equations.
The paper is organized as follows: In §1 we recall the setting and the essential techniques and results from [La1, La2, LR1, LR2, DL1, DL2] . More precisely, we first present isotopy moves for knots and links in L(p, 1) and we describe the braid equivalence for knots and links in L(p, 1). We then present the new basis Λ for S(ST), with the use of which the braid band moves are naturally described, and we recall from [DL2] the ordering defined on the sets Λ and Λ aug . We then recall from [DLP, DL3] the derivation of S (L(p, 1)) from S(ST) using the braid approach. In § 2 we prove the main result of this paper, Theorem 5. That is, we show that in order to compute S (L(p, 1)) from S(ST) we only need to consider braid band moves on the first moving strands of elements in the set Λ aug and solve the infinite system of equations derived by imposing the Lambropoulou invariant X. We prove Theorem 5 by strong induction on the order of elements in Λ aug and on the moving strand where the bbm is performed. We first present a series of lemmata demonstrating how conjugation and stabilization moves can be used in order to convert elements in the set Λ into sums of elements in Λ aug of lower order. The basis of the induction concerns monomials in Λ of index 1 and it is proved in Proposition 1. Finally, in Proposition 2, using results from [DL2, DLP] , we prove that equations obtained from elements in Λ by performing bbm's on their m th -moving strand are equivalent to equations obtained from elements in Λ aug of lower order by performing bbm's on their j th -moving strand, where j < m. Using the above result we then conclude the proof of Theorem 5.
1. Topological and algebraic background 1.1. Mixed links and isotopy in L(p, 1). We consider ST to be the complement of a solid torus in S 3 . As explained in [LR1, LR2, DL1] , an oriented link L in ST can be represented by an oriented mixed link in S 3 , that is a link in S 3 consisting of the unknotted fixed part I representing the complementary solid torus in S 3 and the moving part L that links with I. A mixed link diagram is a diagram I ∪ L of I ∪ L on the plane of I, where this plane is equipped with the top-to-bottom direction of I (see top left hand side of Figure 2 ).
The lens spaces L(p, 1) can be obtained from S 3 by surgery on the unknot with surgery coefficient p ∈ Z. Surgery along the unknot can be realized by considering first the complementary solid torus and then attaching to it a solid torus according to some homeomorphism on the boundary. Thus, isotopy in L(p, 1) can be viewed as isotopy in ST together with the band moves in S 3 , which reflect the surgery description of the manifold. Moreover, in [DL1] it is shown that in order to describe isotopy for knots and links in a c.c.o. 3-manifold, it suffices to consider only the type a band moves (for an illustration see top of Figure 2 ) and thus, isotopy between oriented links in L(p, 1) is reflected in S 3 by means of the following result (cf. Thm. 5.8
Two oriented links in L(p, 1) are isotopic if and only if two corresponding mixed link diagrams of theirs differ by isotopy in ST together with a finite sequence of the type a band moves.
1.2. Mixed braids and braid equivalence for knots and links in L(p, 1). By the Alexander theorem for knots and links in the solid torus (cf. Thm. 1 [La2] ), a mixed link diagram I ∪ L of I ∪ L may be turned into a mixed braid I ∪ β with isotopic closure. This is a braid in S 3 where, without loss of generality, its first strand represents I, the fixed part, and the other strands, β, represent the moving part L. The subbraid β is called the moving part of I ∪ β (see bottom left hand side of Figure 2 ). Then, in order to translate isotopy for links in L(p, 1) into braid equivalence, we first perform the technique of standard parting introduced in [LR2] in order to separate the moving strands from the fixed strand that represents the lens spaces L(p, 1). This can be realized by pulling each pair of corresponding moving strands to the right and over or under the fixed strand that lies on their right. Then, we define a braid band move to be a move between mixed braids, which is a band move between their closures. It starts with a little The sets of braids related to ST form groups, which are in fact the Artin braid groups of type B, denoted B 1,n , with presentation:
where the generators σ i and t are illustrated in Figure 3 (i). Let now L denote the set of oriented knots and links in ST. Then, isotopy in L(p, 1) is then translated on the level of mixed braids by means of the following theorem:
if and only if I ∪β 1 is equivalent to I ∪ β 2 in B by the following moves:
where α + is the word α with all indices shifted by +1. Note that moves (i), (ii) and (iii) correspond to link isotopy in ST.
Notation 1. We denote a braid band move by bbm and, specifically, the result of a positive or negative braid band move performed on the i th -moving strand of a mixed braid β by bbm ±i (β). Note also that in [LR2] it was shown that the choice of the position of connecting the two components after the performance of a bbm is arbitrary.
1.3. The HOMFLYPT skein module of ST via braids. In [La2] the most generic analogue of the HOMFLYPT polynomial, X, for links in the solid torus ST has been derived from the generalized Iwahori-Hecke algebras of type B, H 1,n , via a unique Markov trace constructed on them. This algebra was defined by the second author as the quotient of C q ±1 B 1,n over the quadratic relations g 2 i = (q − 1)g i + q. Namely:
It is also shown that the following sets form linear bases for
and t i = g i . . . g 1 tg 1 . . . g i are the 'looping elements' in H 1,n (q) (see Figure 3 (ii)) and σ a basic element in the Iwahori-Hecke algebra of type A, H n (q), for example in the form of the elements in the set [Jo] :
n are used for constructing a Markov trace on H := ∞ n=1 H 1,n , and using this trace the second author constructed a universal HOMFLYPTtype invariant for oriented links in ST.
Theorem 2. [La2, Theorem 6 & Definition 1] Given z, s k with k ∈ Z specified elements in R = C q ±1 , there exists a unique linear Markov trace function on H:
determined by the rules: Then, the function X : L → R(z, s k )
is an invariant of oriented links in ST, where
,n is a word in the σ i 's and t ′ i 's, α is the closure of α, e is the exponent sum of the σ i 's in α, π the canonical map of B 1,n on H 1,n (q), such that t → t and σ i → g i .
In the braid setting of [La2] , the elements of S(ST) correspond bijectively to the elements of the following set Λ ′ :
As explained in [La2, DL2] , the set Λ ′ forms a basis of S(ST) in terms of braids (see also [HK, Tu] ). Note that Λ ′ is a subset of H and, in particular, Λ ′ is a subset of Σ ′ = n Σ ′ n . Note also that in contrast to elements in Σ ′ , the elements in Λ ′ have no gaps in the indices, the exponents are ordered and there are no 'braiding tails'. Remark 1. The Lambropoulou invariant X recovers S(ST). Indeed, it gives distinct values to distinct elements of Λ ′ , since tr(
A different basis for S(ST).
In [DL2] , a different basis Λ for S(ST) is presented, which is crucial toward the computation of S (L(p, 1)) and which is described in Eq. 4 in open braid form (for an illustration see Figure 4 ). In particular we have the following: Theorem 3. [DL2, Theorem 2] The following set is a C[q ±1 , z ±1 ]-basis for S(ST):
The importance of the new basis Λ of S(ST) lies in the simplicity of the algebraic expression of a braid band move (recall Theorem 1(iv)), which extends the link isotopy in ST to link isotopy in L(p, 1) and this fact was our motivation for establishing this new basis Λ. Note that comparing the set Λ with the set Σ = n Σ n , we observe that in Λ there are no gaps in the indices of the t i 's and the exponents are in decreasing order. Also, there are no 'braiding tails' in the words in Λ.
1.5. An ordering in the bases of S(ST). We now proceed with defining an ordering relation in the sets Σ and Σ ′ , which passes to their respective subsets Λ and Λ ′ and that first appeared in [DL2] . This ordering relation plays a crucial role to what will follow. For that we need the notion of the index of a word w in any of these sets, denoted ind(w). In Λ ′ or Λ ind(w) is defined to be the highest index of the t ′ i 's, resp. of the t i 's in w. Similarly, in Σ ′ or Σ, ind(w) is defined as above by ignoring possible gaps in the indices of the looping generators and by ignoring the braiding parts in the algebras H n (q). Moreover, the index of a monomial in H n (q) is equal to 0.
where k t , λ s ∈ Z for all t, s and β 1 , β 2 ∈ H n (q). Then, we define the following ordering in Σ ′ :
The ordering in the set Σ is defined as in Σ ′ , where t ′ i 's are replaced by t i 's.
We also define the subsets of level k, Λ (k) and Λ ′ (k) , of Λ and Λ ′ respectively ([DL2, Definition 3]), to be the sets:
In [DL2] it was shown that the sets Λ (k) and Λ ′ (k) are totally ordered and well ordered for all k ([DL2, Propositions 1 & 2]). Note that in [DLP] the exponents in the monomials of Λ are in decreasing order, while here the exponents are considered in increasing order, which is totally symmetric.
We finally define the set Λ aug which augments the basis Λ and its subset of level k: Definition 3. We define the set:
2. Restricting the bbm's on the first moving strand of Λ aug
As mentioned in the Introduction, in order to compute S(L(p, 1)) we need to normalize the invariant X by forcing it to satisfy all possible braid band moves. Namely:
, for all a ∈ B 1,n and for all i.
2.1. Applying bbm's on any moving strand of Λ. In order to simplify this system of equations, in [DLP] we first show that performing a bbm on a mixed braid in B 1,n reduces to performing bbm's on elements in the canonical basis, Σ ′ n , of the algebra H 1,n (q) and, in fact, on their first moving strand. We then reduce the equations obtained from elements in Σ ′ to equations obtained from elements in Σ. In order now to reduce further the computation to elements in the basis Λ of S(ST), in [DLP] we first recall that elements in Σ consist in two parts: a monomial in t i 's with possible gaps in the indices and unordered exponents, followed by a 'braiding tail' in the basis of H n (q). So, in [DLP] , we first manage the gaps in the indices of the looping generators of elements in Σ, obtaining elements in the augmented H n (q)-module Λ aug (that is, elements in Λ aug followed by 'braiding tails'). We denote the H n (q)-module Λ aug by Λ aug |H n . Note that the procedure of managing the gaps forces the performance of bbm's to take place on any moving strand. We then show in [DLP] that the equations obtained from elements in Λ aug |H n by performing bbm's on any moving strand are equivalent to equations obtained from elements in the H n (q)-module Λ, denoted by Λ|H n , by performing bbm's on any moving strand. By this procedure we order the exponents of the t i 's ('ordering the exponents'). We finally eliminate the 'braiding tails' from elements in Λ|H n and reduce the computations to the set Λ, where the bbm's are performed on any moving strand (see [DLP] ). Thus, in order to compute S(L(p, 1)), it suffices to solve the infinite system of equations obtained by performing bbm's on any moving strand of elements in the set Λ.
The above are summarized in the following sequence of equations:
<λ−bbm i (λ)> , λ ∈ Λ, ∀ i. Namely, we have:
In this section we prove Eq. 2, assuming Theorem 4. More precisely, we consider the augmented set Λ aug and show that the system of equations obtained from elements in Λ by performing bbm's on any moving strand, is equivalent to the system of equations obtained by performing bbm's on the first moving strand of elements in Λ aug . It is worth mentioning that although Λ aug ⊃ Λ, the advantage of considering elements in the augmented set Λ aug is that we restrict the performance of the braid band moves only on the first moving strand and, thus, we obtain less equations and more control on the infinite system (2).
2.2. The main result. We now proceed with stating the main result of this paper.
Theorem 5. Equations obtained by performing braid band moves on the m th -moving strand on an element in Λ are combinations of equations obtained by performing braid band moves on the 1 st -moving strand on elements in Λ aug of lower order. Namely, the following diagram commutes for all k and for a i ∈ C q ±1 , z ±1 :
The above diagram is illustrated in Figure 5 . We prove Theorem 5 by strong induction on the order of elements in Λ aug and on the moving strand where the bbm is performed. The basis of the induction concerns elements in Λ of the form t k 0 t k 1 1 , where k 0 , k 1 ∈ Z. We now present an example illustrating Theorem 5.
. Performing a positive braid band move on the second moving strand of tt 2 1 we obtain t p t 1 t 2 2 · σ 2 σ 1 σ −1 2 . We now compute tr(tt 2 1 ) and tr(t p t 1 t 2 2 · g 2 g 1 g −1
2 ):
Consider now the elements t 3 , t 2 t 1 ∈ Λ aug (3) and perform a positive braid band move on their first moving strand. We have that:
(10)
Substituting to Eq. 9, we obtain:
which is true (Equation 8). Thus, we have shown that Equation 9 is a combination of Equations 10, that is, the equation obtained from tt 2 1 ∈ Λ (3) by performing bbm on its second moving strand is equivalent to equations obtained from t 3 , t 2 t 1 ∈ Λ aug (3) by performing bbm's on their first moving strand.
2.3. Some useful lemmata. We now present some useful results which are crucial for the proof of Theorem 5. We start by expressing the trace of the element tt k 1 ∈ Λ aug (k+1) as a linear combination of traces of lower order elements in Λ aug (k+1) . We first recall the following equalities from [La2] : Figure 5 . An illustration of Theorem 5.
Lemma 1. The following relations hold in H 1,n (q):
Proof. We only prove relations (i) by induction on k ∈ N. Relations (ii) follow similarly. For k = 1 we have that t n g n+1 = g −1 n+1 t k n+1 which holds. Assume now that the relation holds for k. Then, for k + 1 we have:
Notation 2. In what follows, for the expressions that we obtain after appropriate conjugations we shall use the notation =. We will also use the symbol ≃ when a stabilization move is performed and ≃ when both stabilization moves and conjugation are used. Note that by stabilization move we mean application of the third rule of the trace.
It is worth mentioning that conjugation and stabilization moves are both captured by the properties of the trace tr, and, so, if T ∈ Λ such that T ∼ = i a i τ i for some coefficients a i ∈ C q ±1 , z ±1 and τ i ∈ Λ aug for all i, then tr(T ) = tr(
We now present a key result needed for the proof of Theorem 5.
Lemma 2. Applying conjugation and stabilization moves, elements in Λ aug can be expressed as sums of elements in Λ aug of lower order. Namely:
The case k m−1 , k m ∈ Z follows similarly. Applying Eq. 11 and Lemma 1 we have that:
By Definition 2, monomials on the right-hand side of the relation above are in Λ aug and they are of lower order than the initial monomial τ . This concludes the proof.
Remark 2. Conjugation and stabilization moves that are used in the proof make Lemma 2 valid on the level of the trace. It is worth mentioning though that on the level of the algebra H 1,n (q), Lemma 2 is not valid.
Lemma 3. The following relations hold for k 0 , k 1 ∈ Z:
Proof. We only prove the case where k 0 , k 1 ∈ N applying Eq. 11 and Lemma 1 on t k 0 t k 1
1 . All other cases for k 0 , k 1 follow similarly.
. Moreover :
2.4. The induction steps. We shall first demonstrate Theorem 5 in the simplest non-trivial case, namely, monomials of index 1, which comprise the simplest examples demonstrating the theorem. This will serve as the basis for the induction argument in the proof of Theorem 5.
are linear combinations of equations of the form X
1 for all l 0 , l 1 ∈ Z. Furthermore, for j > 2, the following diagram commutes:
Proof. We only need to prove the case j = 2 and we do that by considering k 0 , k 1 ∈ N. The case where both exponents are in Z \ N and the case where one exponent is in N and the other in Z\N follow totally analogous.
Consider the element t k 0 t k 1 1 ∈ Λ (k) and perform a bbm on its second moving strand. Then:
Consider now the elements t l 0 t
1 and perform a bbm on their first moving strand:
where a ′ = 2 · (l 0 + l 1 ) ± 1 = 2 · k ± 1 again.
It suffices to prove that if t k 0 t
1 , for some coefficients A i , then the following diagram commutes:
On the one hand, from Lemma 3 we have:
On the other hand, applying Eq. 11 and Lemma 1 on t p t
2 , we have that: 
C+D
where in the last sumand we have set j = k 0 − r − 2. Thus, we have shown the following: where a = (q − 1) 2 and the proof is now concluded.
Before proceeding with the proof of Theorem 5, we shall first express elements T ∈ Λ (k) ⊂ Λ where j i < j for all i. Namely, we prove the following result, which generalizes Proposition 1:
Proposition 2. Let T ∈ Λ (k) for some k ∈ Z. The equation X T = X bbm j (T ) is a linear combination of the equations X T i = X bbm j i (T i ) , where T i ∈ Λ aug (k) , such that T i < T, ∀i and j i < j, for all i.
Proof. Let T ∈ Λ (k) . Then, since Λ (k) ⊂ Λ aug (k) , using conjugation and stabilization moves we have that T ∼ = 
